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Abstract—We advocate for a fundamentally different way to perform quantum computation

by using three-level qutrits instead of qubits. In particular, we substantially reduce the

resource requirements of quantum computations by exploiting a third state for temporary

variables (ancilla) in quantum circuits. Past work with qutrits has demonstrated only

constant factor improvements, owing to the log2(3) binary-to-ternary compression factor.

We present a novel technique using qutrits to achieve a logarithmic runtime decomposition

of the Generalized Toffoli gate using no ancilla—an exponential improvement over the best

qubit-only equivalent. Our approach features a 70x improvement in total two-qudit gate

count over the qubit-only decomposition. This results in improvements for important

algorithms for arithmetic and QRAM. Simulation results under realistic noise models

indicate over 90% mean reliability (fidelity) for our circuit, versus under 30% for the qubit-

only baseline. These results suggest that qutrits offer a promising path toward extending

the frontier of quantum computers.

& RECENT ADVANCES IN both hardware and

software for quantum computation have demon-

strated significant progress toward practical

outcomes. In the coming years, we expect quan-

tum computing will have important applications

in fields ranging from machine learning and

optimization to drug discovery. While early

research efforts focused on longer term systems

employing full error correction to execute large

instances of algorithms like Shor factoring and

Grover search, recent work has focused on noisy
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intermediate scale quantum (NISQ) computa-

tion. The NISQ regime considers near-term

machines with just tens to hundreds of quantum

bits (qubits) and moderate errors.

Given the severe constraints on

quantum resources, it is critical to

fully optimize the compilation of a

quantum algorithm in order to have

successful computation. Prior archi-

tectural research has explored tech-

niques such as mapping, scheduling,

and parallelism to extend the amount

of useful computation possible. In

this article, we consider another

technique: quantum trits (qutrits).

While quantum computation is typically

expressed as a two-level binary abstraction of

qubits, the underlying physics of quantum

systems are not intrinsically binary. Whereas

classical computers operate in binary states

at the physical level (e.g., clipping above

and below a threshold voltage), quantum com-

puters have natural access to an infinite

spectrum of discrete energy levels. In fact,

hardware must actively suppress higher level

states in order to achieve the two-level qubit

approximation. Hence, using three-level qut-

rits is simply a choice of including an addi-

tional discrete energy level, albeit at the cost

of more opportunities for error.

Prior work on qutrits (or more generally,

d-level qudits) identified only constant factor

gains from extending beyond qubits. In

general, this prior work1 has emphasized the

information compression advantages of qut-

rits. For example, N qubits can be expressed

as N=log2ð3Þ qutrits, which leads to

log2ð3Þ � 1:6 constant factor improvements in

runtimes.

Our approach utilizes qutrits in a novel fash-

ion, essentially using the third state as tempo-

rary storage, but at the cost of higher per-

operation error rates. Under this treatment, the

runtime (i.e., circuit depth or critical path) is

asymptotically faster, and the reliability of com-

putations is also improved. Moreover, our

approach only applies qutrit operations in an

intermediary stage: The input and output are

still qubits, which is important for initialization

and measurement on real devices.2;3

The net result of our work is to extend the fron-

tier of what quantum computers can compute. In

particular, the frontier is defined by the zone in

which every machine qubit is a data qubit, for

example, a 100-qubit algorithm

running on a 100-qubit machine.

This is indicated by the yellow

region in Figure 1. In this frontier

zone, we do not have room for

nondata workspace qubits known

as ancilla. The lack of ancilla in

the frontier zone is a costly con-

straint that generally leads to inef-

ficient circuits. For this reason,

typical circuits instead operate

below the frontier zone, with many machine

qubits used as ancilla. This article demonstrates

that ancilla can be substituted with qutrits,

enabling us to extend the ancilla-free frontier zone

of quantum computation.

BACKGROUND
A qubit is the fundamental unit of quantum

computation. Compared to their classical coun-

terparts which take values of either 0 and 1,

qubits may exist in a superposition of the two

states. We designate these two basis states as j0i
and j1i and can represent any qubit as

jci ¼ a j0i þ b j1i with kak2 þ kbk2 ¼ 1. kak2 and

kbk2 correspond to the probabilities of measur-

ing j0i and j1i, respectively.
Quantum states can be acted on by quan-

tum gates, which preserve valid probability

distributions that sum to 1 and guarantee

reversibility. For example, the X gate trans-

forms a state jci ¼ a j0i þ b j1i to X jci ¼
b j0i þ a j1i . The X gate is also an example of a

classical reversible operation, equivalent to the

NOT operation. In quantum computation, we have

a single irreversible operation called measurement

that transforms a quantum state into one of the

two basis states with a given probability based on

a and b.

In order to interact different qubits, two-qubit

operations are used. The CNOT gate appears both

in classical reversible computation and in quan-

tum computation. It has a control qubit and a tar-

get qubit. When the control qubit is in the j1i state,
the CNOT performs a NOT operation on the target.

Given the severe

constraints on quantum

resources, it is critical

to fully optimize the

compilation of a

quantum algorithm

in order to have

successful

computation.
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The cnot gate serves a special role in quantum

computation, allowing quantum states to become

entangled so that a pair of qubits cannot be

described as two individual qubit states. Any oper-

ationmaybe conditioned on one ormore controls.

Many classical operations, such as AND and or

gates, are irreversible and therefore cannot

directly be executed as quantum gates. For

example, consider the output of 1 from an OR

gate with two inputs. With only this information

about the output, the value of the inputs cannot

be uniquely determined. These operations can

be made reversible by the addition of extra, tem-

porary ancilla bits initialized to j0i.
Physical systems in classical hardware are typi-

cally binary. However, in common quantum hard-

ware, such as in superconducting and trapped ion

computers, there is an infinite spectrumof discrete

energy levels. The qubit abstraction is an artificial

approximation achieved by suppressing all but the

lowest two energy levels. Instead, the hardware

may be configured to manipulate the lowest three

energy levels by operating on qutrits. In general,

such a computer could be configured to operate

on any number of d levels. As d increases, the num-

ber of opportunities for error—termed error chan-

nels—increases. Here, we focus on d ¼ 3 which is

sufficient to achieve desired improvements to the

Generalized Toffoli gate.

In a three-level system, we consider the

computational basis states j0i, j1i, and j2i for

qutrits. A qutrit state jci may be represented

analogously to a qubit as jci ¼ a j0i þ b j1iþ
g j2i , where a2 þ b2 þ g2 ¼ 1. Qutrits are manipu-

lated in a similar manner to qubits; however,

there are additional gates which may be per-

formed on qutrits.

For instance, in quantum binary logic, there is

only a single X gate. In ternary, there are three X

gates denotedX01,X02, andX12. Each of these Xij

can be viewed as swapping jii with jji and leaving

the third basis element unchanged. For example,

for a qutrit jci ¼ a j0i þ b j1i þ g j2i, applying X02

produces X02 jci ¼ g j0iþ b j1iþ a j2i . There are

two additional nontrivial operations on a single

trit. They are Xþ1 and X�1 operations, which per-

form the addition/subtractionmodulo 3.

Just as single qubit gates have qutrit analogs,

the same holds for two qutrit gates. For example,

consider the CNOT operation, where an X gate is

performed conditioned on the control being in the

j1i state. For qutrits, any of the X gates presented

above may be performed, conditioned on the con-

trol being in any of the three possible basis states.

In order to evaluate a decomposition of a

quantum circuit, we consider quantum circuit

costs. The space cost of a circuit, i.e., the num-

ber of qubits (or qutrits), is referred to as circuit

width. Requiring ancilla increases the circuit

width and, therefore, the space cost of a circuit.

The time cost for a circuit is the depth of a cir-

cuit. The depth is given as the length of the criti-

cal path from input to output.

PRIOR WORK

Qudits

Qutrits, and more generally qudits, have been

studied in past work both experimentally and

theoretically. However, in the past work, qudits

have conferred only an information compression

advantage. For example, N qubits can be com-

pressed to N=log2ðdÞ qudits, giving only a con-

stant-factor advantage1 at the cost of greater

errors from operating qudits instead of qubits.

Ultimately, the tradeoff between information

compression and higher per-qudit errors has not

been favorable in the past work. As such, the

Figure 1. Frontier of what quantum hardware can

execute is the yellow region adjacent to the 45� line.

In this region, each machine qubit is a data qubit.

Typical circuits rely on nondata ancilla qubits for

workspace and therefore operate below the frontier.
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past research toward building practical quantum

computers has focused on qubits.

This article introduces qutrit-based circuits,

which are asymptotically better than equivalent

qubit-only circuits. Unlike prior work, we dem-

onstrate a compelling advantage in both run-

time and reliability, thus justifying the use of

qutrits.

Generalized Toffoli Gate

The Toffoli gate itself is a simple extension of

the CNOT gate, but has two controls instead of

one control. In a Toffoli gate, the NOT is applied if

and only if both controls are j1i. Similarly, a Gener-

alized Toffoli gate hasN controls and flips the tar-

get qubit if and only if allN control qubits are j1i.
The Generalized Toffoli gate is an important primi-

tive used across a wide range of quantum algo-

rithms, and it has been the focus of extensive past

optimization work. Table 1 compares past circuit

constructions for the Generalized Toffoli gate to

our construction, which is presented in full in

“Generalized Toffoli Gate” section.

Among prior work, Gidney,4 He et al.,5 and

Barenco et al.6 designs are all qubit-only. The

three circuits have varying tradeoffs. While Gid-

ney and Barenco operate at the ancilla-free fron-

tier, they have large circuit depths: Linear with a

large constant for Gidney and quadratic for Bare-

nco. While the He circuit achieves logarithmic

depth, it requires an ancilla for each data qubit,

effectively halving the effective potential of any

given quantum hardware and operating far

below the frontier. Nonetheless, in practice,

most circuit implementations use these linear-

ancilla constructions due to their small depths

and gate counts.

As in our approach, circuit constructions

from Wang and Perkowski,7 and Lanyon et al.8

have attempted to improve the ancilla-free Gen-

eralized Toffoli gate by using qudits. Wang and

Perkowski7 achieves a linear circuit depth but

by operating each control as a qutrit. The

Lanyon et al.8 construction, which has been

demonstrated experimentally, achieves linear

circuit depths by operating the target as a

d ¼ N -level qudit.

Our circuit construction, presented in the

“Generalized Toffoli Gate” section, has similar

structure to the He design, which can be rep-

resented as a binary tree of gates. However,

instead of storing temporary results with a lin-

ear number of ancilla qubits, our circuit tem-

porarily stores information directly in the

qutrit j2i state of the controls. Thus, no

ancilla are needed.

In our simulations, we benchmark our circuit

construction against the Gidney construction4

because it is the asymptotically best qubit cir-

cuit in the ancilla-free frontier zone. We label

these two benchmarks as QUTRIT and QUBIT.

CIRCUIT CONSTRUCTION
In order for quantum circuits to be executable

on hardware, they are typically decomposed into

single- and two- qudit gates. Performing efficient

low depth and low gate count decompositions is

important in both the NISQ regime and beyond.

Key Intuition

We develop the intuition for how qutrits can

be useful by considering the example of construct-

ing an AND gate. In the framework of quantum

Table 1. Asymptotic comparison of N -controlled gate decompositions. The total gate count for all circuits scales

linearly (except for Barenco et al.,6 which scales quadratically). Our construction uses qutrits to achieve logarithmic

depth without ancilla. We benchmark our circuit construction against Gidney,4 which is the asymptotically best

ancilla-free qubit circuit.

This Work Gidney4
He

et al.5
Barenco

et al.6
Wang and

Perkowski7
Lanyon et al.8

Depth logN N logN N2 N N

Ancilla 0 0 N 0 0 0

Qudit

Types

Controls are

qutrits
Qubits Qubits Qubits

Controls are

qutrits

Target is d ¼ N -level

qudit

Constants Small Large Small Small Small Small
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computing, which requires reversibility, AND is

not permitted directly. For example, consider a

two-input AND gate that outputs a 0. Given this

output value, the inputs cannot be uniquely deter-

mined since 00, 01, and 10 all yield an AND output

of 0. However, these operations can be made

reversible by the addition of an extra temporary

workspace bit initialized to 0. Using a single addi-

tional such ancilla, the ANDoperation can be com-

puted reversibly via the well-known Toffoli gate (a

double-controlled NOT) in reversible computa-

tion. While this approach works, it is expensive—

its decomposition into hardware-implementable

one- and two-input gates requires at least six con-

trolled-NOT gates and several single qubit gates,

as depicted in the top circuit of Figure 2.

However, if we break the qubit abstraction

and allow occupation of a higher qutrit energy

level, the cost of the Toffoli AND operation is

greatly diminished. The bottom circuit in Figure 2

displays this decomposition using qutrits. The

goal is to elevate the jq2 ¼ 0i ancilla qubit to j1i
if and only if the top two control qubits are

both j1i. This is effectively an AND gate. First a

j1i-controlled ðþ1mod 3Þ is performed on q0 and

q1. This elevates q1 to j2i iff q0 and q1 were both

j1i. Then, a j2i-controlled ðþ1mod 2Þ gate is

applied to q2. Therefore, q2 is elevated to j1i only
when both q0 and q1 were j1i, as desired. The

controls are restored to their original states by a

j1i-controlled ð�1mod 3Þ gate, which resets q1.

The key intuition is that temporary information

can be stored in the qutrit j2i state, rather

than requiring an external ancilla. This allows

us to maximize the problem sizes that current-

generation hardware can address.

Now, notice that this AND decomposition is

actually also a Toffoli gate decomposition. In par-

ticular, suppose that the bottomqubit is now arbi-

trary, rather than initialized to j0i. Then, the net

effect of this circuit is to preserve the controls,

while flipping the bottom (target) qubit, if and

only if q0 and q1 were both j1i. For this decomposi-

tion, since all inputs and outputs are binary qubits

(we only occupy the j2i state temporarily during

computation), we can insert this circuit construc-

tions into any preexisting qubit-only circuits.

Again, the key intuition in this decomposition is

that the qutrit j2i state can be used instead of

ancilla to store temporary information.

Generalized Toffoli Gate

We now present our circuit decomposition

for the generalized Toffoli gate in Figure 3. The

decomposition is expressed in terms of three-

qutrit gates (two controls, one target) instead of

single- and two- qutrit gates, because the circuit

can be understood purely classically at this gran-

ularity. In actual implementation and in our sim-

ulation, we used a decomposition9 that requires

six two-qutrit and seven single-qutrit physically

implementable quantum gates.

Our circuit decomposition is most intuitively

understood by treating the left half of the circuit

as a tree. The desired property is that the root of

the tree q7 is j2i if and only if each of the 15 con-

trols was originally in the j1i state. To verify this

property, we observe that the root q7 can only

become j2i iff q7 was originally j1i and q3 and q11
were both previously j2i. At the next level of the

tree, we see q3 could have only been j2i if q3 was

originally j1i and both q1 and q5 were previously

j2i, and similarly for the other triplets. At the

bottom level of the tree, the triplets are con-

trolled on the j1i state, which are only activated

when the even-index controls are all j1i. Thus, if
any of the controls were not j1i, the j2i states

would fail to propagate to the root of the tree.

The right half of the circuit performs uncomputa-

tion to restore the controls to their original state.

After each subsequent level of the tree struc-

ture, the number of qubits under consideration

is reduced by a factor of � 2. Thus, the circuit

depth is logarithmic in N . Moreover, each qutrit

is operated on by a constant number of gates, so

the total number of gates is linear inN .

APPLICATION TO ALGORITHMS
The Generalized Toffoli gate is an important

primitive in a broad range of quantum

Figure 2. Toffoli AND via qubits (top) versus qutrits

(bottom).
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algorithms. Here, we note two important applica-

tions of our circuit decomposition.

Arithmetic Circuits

The Generalized Toffoli is a key subcircuit

in many arithmetic circuits such as constant

addition, modular multiplication, and modular

exponentiation. The circuit for computing a

square root is also improved by a more effi-

cient Generalized Toffoli gate. As shown by

Gokhale,10 the circuit for the initial approxi-

mation to 1=
ffiffiffi

x
p

involves a sequence of stan-

dard Toffoli gates terminated by a large

OðnÞ-width Generalized Toffoli gate. Our cir-

cuit construction is directly applicable to this

terminal gate.

Quantum Machine Learning

A fundamental component of most algo-

rithms for quantum machine learning is a

quantum random access memory (QRAM).

QRAM has the classically familiar property of

mapping input index bits to output data bits.

However, unlike classical RAM, QRAM also

acts over superpositions of qubits. The initiali-

zation of QRAM is often the bottleneck for

quantum machine learning algorithms—an

expensive procedure for storing training data

into QRAM can negate any potential quantum

advantage.

However, the QRAM circuit is yet another

application that can be improved with the

qutrit-assisted Generalized Toffoli gate. In partic-

ular, the flip-flop QRAM is bottlenecked by the

application of a wide Generalized Toffoli gate for

each classical bitstring stored to the QRAM.11

Thus, an efficient Generalized Toffoli gate

reduces the cost of QRAM, relative to nonqutrit

procedures.

SIMULATOR
To simulate our circuit constructions, we

developed a qudit simulation library, built on

Google’s Cirq Python library. Cirq is a qubit-

based quantum circuit library and includes a

number of useful abstractions for quantum

states, gates, circuits, and scheduling. Our soft-

ware performs noise simulation, described in

the following.

Noise Simulation

Our noise simulation procedure accounts for

both gate errors and idle errors, described

below. To determine when to apply each gate

and idle error, we use Cirq’s scheduler which

schedules each gate as early as possible, creat-

ing a sequence of Moment’s of simultaneous

gates. During each Moment, our noise simulator

applies a gate error to every qudit acted on.

Finally, the simulator applies an idle error to

every qudit. This noise simulation methodology

is consistent with previous simulation techni-

ques, which have accounted for either gate

errors or idle errors.

Figure 3. Our circuit decomposition for the Generalized Toffoli

gate is shown for 15 controls and 1 target. The inputs and outputs

are both qubits, but we allow occupation of the j2i qutrit state in

between. The circuit has a tree structure and maintains the

property that the root of each subtree can only be elevated to j2i if
all of its control leaves were j1i. Thus, the U gate is only executed

if all controls are j1i. The right half of the circuit performs

uncomputation to restore the controls to their original state. This

construction applies more generally to any multiply controlled U

gate. Note that the three-input gates are decomposed into six

two-input and seven single-input gates in our actual simulation, as

based on the decomposition by Di and Wei.9
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Gate errors arise from the imperfect applica-

tion of quantum gates. Two-qudit gates are nois-

ier than single-qudit gates, so we apply different

noise channels for the two. Idle errors arise from

the continuous decoherence of a quantum sys-

tem due to energy relaxation and interaction

with the environment.

Gate errors are reduced by performing fewer

total gates, and idle errors are reduced by

decreasing the circuit depth. Since our circuit

constructions asymptotically decrease the

depth, this means our circuit constructions

scale favorably in terms of asymptotically fewer

idle errors.

The ultimate metric of interest is the mean

fidelity, which captures the probability of overall

successful execution. We do not consider state

preparation and measurement (SPAM) errors,

because our circuit constructions maintain

binary input and output, only occupying the

qutrit j2i states during intermediate computa-

tion. Therefore, the SPAM errors for our circuits

are identical to those for conventional qubit

circuits.

We chose noise models which represent real-

istic near-term machines. Our models encom-

passed both superconducting and trapped ion

platforms. For superconducting technology, we

simulated against four noise models: SC, SC+T1,

SC+GATES, and SC+T1+GATES. For trapped

ion technology, we simulated against three

benchmarks: TI_QUBIT, BARE_QUTRIT, and

DRESSED_QUTRIT.

RESULTS
Figure 4 plots the exact circuit depths for

the QUTRIT versus QUBIT circuit construction.

Note that the QUBIT construction is linear in

depth, with a high linearity constant. This is sig-

nificantly improved by our QUTRIT construc-

tion, which scales logarithmically in N and has a

relatively small leading coefficient.

Figure 5 plots the total number of two-qudit

gates for both circuit constructions. Our circuit

construction is not asymptotically better in total

gate count—both plots have linear scaling. How-

ever, as emphasized by the logarithmic vertical

axis, the linearity constant for our qutrit circuit

is 70� smaller than for the equivalent ancilla-

free qubit circuit.

We simulated these circuits under realistic

noise models in parallel on over 100 n1-stan-

dard-4 Google Cloud instances. These simula-

tions represent over 20 000 CPU hours, which

was sufficient to estimate mean fidelity to

an error of 2s < 0:1% for each circuit-noise

model pair.

The full results of our circuit simulations are

shown in Figure 6. All simulations are for the 14-

input (13 controls, 1 target) Generalized Toffoli

gate. We simulated both circuit constructions

against each of our noise models (when applica-

ble), yielding the 11 bars in the figure.

DISCUSSION AND FUTURE WORK
Figure 6 demonstrates that our QUTRIT

construction (orange bars) can significantly

Figure 4. Exact circuit depths for all three benchmarked circuit

constructions for the N-controlled Generalized Toffoli up to

N ¼ 200. QUBIT scales linearly in depth and is bested by

QUTRIT’s logarithmic depth.

Figure 5. Exact two-qudit gate counts for the two benchmarked

circuit constructions for the N-controlled Generalized Toffoli. Both

plots scale linearly; however, the QUTRIT construction has a

substantially lower linearity constant.
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outperform the ancilla-free QUBIT benchmark

(blue bars) in fidelity (success probability) by

more than 10 000�.

For the SC, SC+T1, and SC+GATES noise mod-

els, our qutrit constructions achieve between

57–83% mean fidelity, whereas the ancilla-free

qubit constructions all have almost 0% fidelity.

Only the lowest error model, SC+T1+GATES

achieves modest fidelity of 26% for the QUBIT

circuit, but in this regime, the qutrit circuit is

close to 100% fidelity.

The trapped ion noise models achieve similar

results—the DRESSED_QUTRIT and

the BARE_QUTRIT achieve approxi-

mately 95% fidelity via the QUTRIT cir-

cuit, whereas the TI_QUBIT noise

model has only 45% fidelity. Between

the dressed and bare qutrits, the

dressed qutrit exhibits higher fidelity

than the bare qutrit, as expected.

Moreover, the dressed qutrit is resil-

ient to leakage errors, so the simula-

tion results should be viewed as a

lower bound on its advantage over the

qubit and bare qutrit.

Our qutrit-assisted Generalized

Toffoli gate has already attracted interest from

both device physics and algorithms communities.

To this end, major quantum software packages

like Cirq are now compatible with qutrit (and

qudit) simulations. We have also been working

with hardware groups to experimentally imple-

ment the ideas presented here. One promising

direction is to use OpenPulse, an open standard

for pulse-level quantum control, to experimentally

demonstrate a generalized Toffoli gate. We also

envision other advantages to higher radix quan-

tum computing. For example, the information-

compression advantage of qudits may be particu-

larly well suited to the NISQ hardware, where

device connectivity—and therefore diameter—is

a bottleneck. Compressing a qubit computation

via qudits would allow us to reduce the graph

diameter.

The results presented in this article are appli-

cable to quantum computing in the near term on

machines that are expected within the next five

years. The net result of this article is to extend the

frontier of what is computable by

quantum hardware, and hence to

accelerate the timeline for practi-

cal quantum computing. Emphat-

ically, our results are driven by

the use of qutrits for asymptoti-

cally faster ancilla-free circuits.

Moreover, we also improve lin-

earity constants by two orders of

magnitudes. Finally, as verified

by our circuit simulator coupled

with realistic noise models, our

circuits are more reliable than

qubit-only equivalents. In sum,

clever use of qutrits offers a path tomore sophisti-

cated quantum computation today, without need-

ing to wait for better hardware. We are optimistic

that continued hardware–software codesign may

further extend the frontier of quantum computers.
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